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Abstract
In this work, the solution space in the Newman-Penrose formalism with a cos-
mological constant is derived. The residual gauge transformation preserving the
solution space is also worked out. By turning off the cosmological constant, the
solution space has a well-defined flat limit. The asymptotic symmetry group of
the resulting solution space consists of Diff(S2) transformations and supertrans-
lations.
1 Introduction
Up until the 1960s, the existence of gravitational waves was still debatable. It was not
clear if the radiation was just an artifact of linearization. To understand the gravita-
tional radiation in full Einstein theory, Bondi, van der Burg, and Metzner established
an elegant framework of expansions for axi-symmetric isolated systems [1]. In a suit-
able coordinates system, the metric fields are expanded in inverse powers of a radius
coordinate1. Then, one can solve the equations of motion order by order with respect
to proper boundary conditions that are asymptotically approaching flatness. In this
framework, the radiation is characterized by a single function of two variables, the so-
called news functions; the mass of a system always decreases when there is news. In
the same year, Sachs extended this framework to asymptotically flat space-times [3].
Meanwhile, Newman and Penrose developed a new method to understand gravitational
radiation by means of a tetrad or spinor formalism [4]. The peeling property of the
Weyl tensors and the geometric meaning of certain gauge choice become transparent in
the Newman-Penrose (NP) formalism.
1The problem of convergence of this expansion was fixed by Friedrich 20 years later [2].
The success in the understanding of gravitational radiation in full Einstein theory
only refers to the case without a cosmological constant, Λ = 0. In the presence of a cos-
mological constant, the radiation field is essentially origin dependent [5]. In particular,
when Λ is positive, the radiation vanishes along directions opposite to principal null di-
rections [6]. Hence, the absence of certain radiation field can not be used to distinguish
nonradiative sources. When Λ is negative, an extra requirement, the reflective boundary
condition, is imposed to make the evolution well defined [7]. Consequently, there is no
analogue of the Bondi news functions [8]. Gravitational radiation seems to be turned off
by the appearance of a negative cosmological constant. However, surprising results were
obtained in the case with a positive cosmological constant recently [9–12]. A suitable
framework which allows one to apply the late-time and post-Newtonian approximations
and finally to express the leading terms of solutions in terms of the quadrupole moments
of sources is proposed (see also [13–37] for recent relevant developments).
According to the experience of the case Λ = 0, a fully controlled solution space is the
most important ingredient in the understanding of radiation and gravitationally con-
served quantities, in both the metric formalism and NP formalism. Several works have
been carried out in this direction. The solution space of asymptotically dS space-times
was recently derived in [9] using geometric tools à la Penrose [5,38] with special empha-
sis on the consequence of a conformally flat boundary 2 metric. In the metric formalism,
the axi-symmetric solution space in Bondi gauge was obtained with a cosmological con-
stant in [13, 37]. The solution space of the NP formalism with a cosmological constant
was derived in [17, 29] with a special choice of the foliation of space-times geometry
which is a family of null hyper-surfaces given by constant values of the u coordinate.
In this paper, we work out the most general solution space of the NP formalism with
a cosmological constant by removing the constant foliation condition in [17, 29]. The
main reason to do so is to include the AdS Robinson-Trautman solution [39] which is
an exact solution with spherical gravitational waves but does not satisfy the constant
foliation condition in its simplest form. In contrast with the case Λ = 0, the news
functions are completely determined by the data on the boundary 2 metric. Two func-
tions from the boundary 2 metric are left undefined. They represent the radiation in
this system. The residual gauge transformation that preserves the form of the solution
space is also derived. The asymptotic symmetry group is the full diffeomorphism group
of the boundary 2 surface. There is no analogue of supertranslation in the case with
a cosmological constant [8, 9]. We show in details the consequence of taking the flat
limit, Λ = 0. The resulting solution space includes the Newman-Unit (NU) solution
space [40] as a particular case, i.e. the boundary 2 metric to be conformally flat. Its
residual gauge symmetry consists of Diff(S2) transformations and supertranslations.
The rest of this paper is organized as follows. In section 2, we will review the
Newman-Penrose formalism. Section 3 will present the main result of this paper, the
solution space of NP formalism with a cosmological constant. In section 4, we compute
the residual transformation preserving the solution space. Section 5 will show the details
of the flat limit. The last section is devoted to several open issues, some of which we
hope to study elsewhere. There are also three Appendixes in which useful information
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for the main text is presented.
2 Review of Newman-Penrose formalism
Newman and Penrose [4] established a special tetrad formalism with four null basis
vectors e1 = l, e2 = n, e3 = m, e4 = m¯. The basis vectors l and n are real, while m and
m¯ are complex conjugates of each other. The null basis vectors have the orthogonality
conditions
l ·m = l · m¯ = n ·m = n · m¯ = 0 (1)
and are normalized as
l · n = 1, m · m¯ = −1. (2)
The space-times metric is obtained from
gµν = nµlν + lµnν −mµm¯ν −mνm¯µ. (3)
The connection coefficients are now called spin coefficients, labeled by several Greek
symbols (we will follow the convention of [41]):
κ = Γ311 = l
νmµ∇νlµ, π = −Γ421 = −l
νm¯µ∇νnµ,
ǫ =
1
2
(Γ211 − Γ431) =
1
2
(lνnµ∇νlµ − l
νm¯µ∇νmµ),
τ = Γ312 = n
νmµ∇νlµ, ν = −Γ422 = −n
νm¯µ∇νnµ,
γ =
1
2
(Γ212 − Γ432) =
1
2
(nνnµ∇νlµ − n
νm¯µ∇νmµ),
σ = Γ313 = m
νmµ∇νlµ, µ = −Γ423 = −m
νm¯µ∇νnµ, (4)
β =
1
2
(Γ213 − Γ433) =
1
2
(mνnµ∇νlµ −m
νm¯µ∇νmµ),
ρ = Γ314 = m¯
νmµ∇ν lµ, λ = −Γ424 = −m¯
νm¯µ∇νnµ,
α =
1
2
(Γ214 − Γ434) =
1
2
(m¯νnµ∇νlµ − m¯
νm¯µ∇νmµ).
Ten independent components of the Weyl tensors are represented by five complex
scalars,
Ψ0 = −C1313, Ψ1 = −C1213, Ψ2 = −C1342, Ψ3 = −C1242, Ψ4 = −C2424.
3
Ricci tensors are defined in terms of four real and three complex scalars,
Φ00 = −
1
2
R11, Φ22 = −
1
2
R22, Φ02 = −
1
2
R33, Φ20 = −
1
2
R44,
Φ11 = −
1
4
(R12 +R34), Φ01 = −
1
2
R13, ,Φ12 = −
1
2
R23,
Λ =
1
24
R =
1
12
(R12 − R34), Φ10 = −
1
2
R14, Φ21 = −
1
2
R24,
where Λ is the cosmological constant.
In the NP formalism, by local Lorentz transformations, it is always possible to
impose
π = κ = ǫ = 0, ρ = ρ¯, τ = α¯ + β. (5)
According to (62) in Appendix A, such a gauge choice means that l is tangent to a
null geodesic with an affine parameter. Moreover, the congruence of the null geodesic
is hypersurface orthogonal; namely, l is proportional to the gradient of a scalar field.
It is of convenience to choose this scalar field as coordinate u = x1 and take the affine
parameter as coordinate r = x2. Then, to satisfy the orthogonality conditions and
normalization conditions, the tetrad and the co-tetrad must have the forms
n =
∂
∂u
+ U
∂
∂r
+XA
∂
∂xA
,
l =
∂
∂r
, m = ω
∂
∂r
+ LA
∂
∂xA
, (6)
n =
[
−U −XA(ωLA + ωL¯A)
]
du+ dr + (ωL¯A + ωLA)dx
A,
l = du, m = −XALAdu+ LAdx
A,
where LAL
A = 0, LAL¯
A = −1. Considered as directional derivatives, the basis vectors
are designated by special symbols:
D = lµ∂µ, ∆ = n
µ∂µ, δ = m
µ∂µ. (7)
The full vacuum Newman-Penrose equations with a cosmological constant are listed in
Appendix B.
3 Solution space
The main condition that all components of the Weyl tensor (Ψs) approach zero at
infinity is Ψ0 =
Ψ0
0
r5
+ o(r−5). However, a slightly stronger condition that Ψ0 =
Ψ0
0
r5
+
Ψ1
0
r6
+O(r−7) is usually adopted [40] to apply a 1
r
series expansion. The asymptot-
ically flat solution space of NP equations was derived by Newman and Unti [40] more
than half century ago. The appearance of the cosmological constant has a significant
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consequence for the solution space. In [17], the NP equations are solved in (θ, φ) coor-
dinates with a special choice of the foliation of space-times geometry and a third class
of tetrad rotation to set the order 1 piece of the spin coefficient γ to be zero (γ0 = 0).
Indeed, it is always possible to set γ0 = 0 in the Λ = 0 case by residual gauge transfor-
mations, see, for instance, [42,43] for the precise coordinates transformations. However,
as shown in the next section, such a type of gauge transformations will involve loga-
rithm terms in nonzero Λ case. Since only 1
r
expansions are assumed in [17], the γ0 = 0
condition will eliminate the possible situation that represents gravitational radiation,
for instance the (A)dS Robinson-Trautman solutions [39] (see also its application in
AdS/CFT therein). We will further comment on this point in section 5. In addition,
stereographic coordinates (z, z¯) are more convenient for certain issues, for instance, the
recent attempts at flat-space holography [44, 45] and the triangle equivalence [46]. In
this section, we will work out the most general solution space of NP equations with a
cosmological constant in stereographic coordinates.
The derivation of the solution space is explained in Appendix C in details. We
summarize as follows: the process of solving the radial equations (65)-(81) is exactly
the same as in [40]. The cosmological constant will just modify the asymptotic behaviors
of the spin coefficients as
λ = Λσ0 +O(r−1), µ = Λr +O(r−1), γ = −Λr +O(r0), (8)
which agree with the results in [17]2. However the constraints from non-radial equations
on the integration constants of the radial equations are much stronger than in the Λ = 0
case. In particular, σ0 and γ0 are completely determined by (89) as
Λσ0 =
Q∂uP − P∂uQ
2(PP¯ −QQ¯)
, γ0 =
Q∂uQ¯− P∂uP¯
2(PP¯ −QQ¯)
, (9)
where Q(u, z, z¯) and P (u, z, z¯) are the integration constants in Lz and Lz¯. P and Q
are the only variables of which the time evolutions are not determined. They represent
gravitational radiation in this system. This is in good consistency with that of [9, 17].
Before showing the full solutions, it is very useful to introduce the “ð” operator that
is defined as
ðη(s) = LA0
∂
∂xA
η(s) + 2sα0η(s),
ðη(s) = L
A
0
∂
∂xA
η(s) − 2sα0η(s),
(10)
where LA0 is the integration constant in L
A and s is the spin weight of the field η. The
spin weights of relevant fields are listed below in Table 1.
2To compare with the result in [17], one needs to do the following replacement: π → −τ ′, ǫ →
−γ′, ν → −κ′, µ→ −ρ′, β → −α′, λ→ −σ′, Λ→ Λ
6
, Ψs→−Ψs.
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Table 1: Spin weights
ð ∂u γ
0 ν0 µ0 σ0 λ0 Ψ04 Ψ
0
3 Ψ
0
2 Ψ
0
1 Ψ
0
0 P Q
s 1 0 0 −1 0 2 −2 −2 −1 0 1 2 1 1
The full solutions of NP equations with a cosmological constant in asymptotic ex-
pansions are given by:
Ψ0 =
Ψ00
r5
+
Ψ10
r6
+O(r−7), (11)
Ψ1 =
Ψ01
r4
−
ðΨ00
r5
+O(r−6), (12)
Ψ2 =
Ψ02
r3
+
Λσ0Ψ00 − ðΨ
0
1
r4
+O(r−5), (13)
Ψ3 =
Ψ03
r2
+
2Λσ0Ψ01 − ðΨ
0
2
r3
+O(r−4), (14)
Ψ4 =
Ψ04
r
+
3Λσ0Ψ02 − ðΨ
0
3
r2
+O(r−3), (15)
ρ = −
1
r
−
σ0σ0
r3
+O(r−5), (16)
σ =
σ0
r2
+
σ0σ0σ0 − 1
2
Ψ00
r4
−
Ψ10
3r5
+O(r−6), (17)
α =
α0
r
+
σ0α0
r2
+
σ0σ0α0
r3
+O(r−4), τ = −
Ψ01
2r3
+O(r−4), (18)
β = −
α0
r
−
σ0α0
r2
−
σ0σ0α0 + 1
2
Ψ01
r3
+O(r−4), (19)
µ = Λr +
µ0
r
−
σ0λ0 +Ψ02
r2
+
µ0σ0σ0 + 1
2
ðΨ01 +
1
3
Λ(σ0Ψ00 + σ
0Ψ
0
0)
r3
+O(r−4), (20)
λ = Λσ0 +
λ0
r
−
σ0µ0
r2
+
λ0σ0σ0 + 1
2
σ0Ψ02 +
1
6
ΛΨ
1
0
r3
+O(r−4), (21)
γ = −Λr + γ0 −
Ψ02
2r2
+
2ðΨ01 + α
0Ψ01 − α
0Ψ
0
1 − 2Λσ
0Ψ00
6r3
+O(r−4), (22)
ν = ν0 +
1
2
ΛΨ
0
1 −Ψ
0
3
r
+
3ðΨ02 − ΛðΨ
0
0 − 5Λσ
0Ψ01
6r2
+O(r−3), (23)
Xz =
P¯Ψ01 +QΨ
0
1
6r3
+O(r−4), (24)
6
ω =
ðσ0
r
−
σ0ðσ0 + 1
2
Ψ01
r2
+O(r−3), (25)
U = Λr2 − r(γ0 + γ0) + U0 −
Ψ02 +Ψ
0
2
2r
+
ðΨ01 + ðΨ
0
1 − ΛσΨ
0
0 − Λσ
0Ψ00
6r2
+O(r−3),
(26)
Lz =
Q
r
−
P¯ σ0
r2
+
Qσ0σ0
r3
+
P¯ (Ψ00 − 6σ
02σ0)
6r4
+O(r−5), (27)
Lz¯ =
P
r
−
Q¯σ0
r2
+
Pσ0σ0
r3
+
Q¯(Ψ00 − 6σ
02σ0)
6r4
+O(r−5), (28)
Lz =
−Pr
P P¯ −QQ¯
+
Q¯σ0
PP¯ −QQ¯
−
1
6r2
Q¯Ψ00
PP¯ −QQ¯
+
1
12r3
Pσ0Ψ00 − Q¯Ψ
1
0
PP¯ −QQ¯
+O(r−4), (29)
Lz¯ =
Qr
P P¯ −QQ¯
−
P¯ σ0
PP¯ −QQ¯
+
1
6r2
P¯Ψ00
PP¯ −QQ¯
−
1
12r3
Qσ0Ψ00 − P¯Ψ
1
0
PP¯ −QQ¯
+O(r−4), (30)
where
α0 =
1
2
L¯0B(L
A
0 ∂AL¯
B
0 − L¯
A
0 ∂AL
B
0 ), (31)
Λσ0 =
1
2
L0A∂uL
A
0 , (32)
γ0 =
1
2
L0A∂uL¯
A
0 , (33)
µ0 = −ðα0 − ðα0 − 2Λσ0σ0, (34)
λ0 = ∂uσ
0 + (3γ0 − γ0)σ0, (35)
ν0 = ð(γ0 + γ0)− 2Λðσ0, (36)
U0 = µ0 − Λσ0σ0, (37)
ω0 = ðσ0, (38)
Ψ02 −Ψ
0
2 = λ
0
σ0 − λ0σ0 + ð
2
σ0 − ð2σ0, (39)
Ψ03 = ðµ
0
− ðλ0 + Λðσ0 − ΛΨ
0
1, (40)
Ψ04 = ðν
0
− ∂uλ
0
− 4γ0λ0 − 4Λµ0σ0 + Λ2Ψ
0
0, (41)
and the time evolutions of the Weyl tensors
∂uΨ
0
0 + (γ
0 + 5γ0)Ψ00 = ðΨ
0
1 + 3σ
0Ψ02 + ΛΨ
1
0,
∂uΨ
0
1 + 2(γ
0 + 2γ0)Ψ01 = ðΨ
0
2 + 2σ
0Ψ03 − ΛðΨ
0
0,
∂uΨ
0
2 + 3(γ
0 + γ0)Ψ02 = ðΨ
0
3 + σ
0Ψ04 − ΛðΨ
0
1 + Λ
2σ0Ψ00,
∂uΨ
0
3 + 2(2γ
0 + γ0)Ψ03 = ðΨ
0
4 − ΛðΨ
0
2 + 2Λ
2σ0Ψ01,
(42)
as well as the identities
∂uµ
0 = ðð(γ0 + γ0)− 2(γ0 + γ0)µ0 − Λ(ð2σ0 + ð
2
σ0)− 2Λ(λ
0
σ0 + λ0σ0),
∂uα
0 = Λðσ0 + 2Λα0σ0 − 2γ0α0 − ðγ0.
(43)
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The commutator of the ð operator is3
[ð, ð]η(s) = 2s(ðα0 + ðα0)η(s). (44)
The solution space in metric form can be easily obtained by inserting the tetrad
solution (24)-(30) into (3). The gauge choice in (6) is the so-called Newman-Unti
gauge [40]. To compare to the results in Bondi gauge in [13,37], one just needs to apply
a transformation in the radial direction [47]. A conformally flat boundary 2 metric
explored in [9] corresponds to Ψ04 = Ψ
0
3 =Im(Ψ
0
2) = 0 in the NP formalism. Those
conditions will eventually yield Q = ∂uP = 0 in the above solution space. There is
a very interesting exact solution with gravitational waves in truncated forms, i.e. the
(A)dS Robinson-Trautman solution [39] (see also earlier references therein). It is a
generalization of the Robinson-Trautman waves [48] to the nonzero Λ case. Adapted
to our convention, the metric of the solution is4
ds2 = 2
(
−Λr2 − r∂u lnP + P
2∂∂¯ lnP +
Ψ02
r
)
du2 + 2dudr − 2
r2
P 2
dzdz¯, (45)
where P is a real function of (u, z, z¯) and Ψ02 is a real constant. The time evolution
equation of the conformal factor is
3Ψ02∂uP + P
3∂¯2P∂2P − P 4∂2∂¯2P = 0. (46)
In the NP formalism, the solution is given by
Ψ0 = Ψ1 = σ = λ = τ = X
A = ω = Q = 0,
Ψ2 =
Ψ02
r3
, Ψ02 is a real constant,
Ψ3 =
P∂µ0
r2
, Ψ4 =
−∂(P 2∂∂u lnP )
r
−
P 2∂∂¯µ0
r2
, µ0 = −P 2∂∂ lnP
ρ = −
1
r
, α =
∂P
2r
, β = −
∂¯P
2r
, µ = Λr +
µ0
r
−
Ψ02
r2
, (47)
γ = −Λr −
1
2
∂u lnP −
Ψ02
2r2
, ν = −P∂∂u lnP −
P∂µ0
r
,
U = Λr2 + ∂u lnPr + µ
0
−
Ψ02
r
, Lz = 0, Lz¯ =
P
r
,
4 Residual gauge transformation
In this section, we will work out the residual gauge transformation preserving the solu-
tion space derived in the previous section. We follow closely the process of [49], in which
3One should use the identity ðL¯A0 = ðL
A
0 .
4We use (+,−,−,−) signature. ∂ and ∂ denote ∂z and ∂z¯ , respectively. We follow the convention
of [41] in which Einstein’s equations with a cosmological constant in the metric formalism are Rµν −
1
2
gµνR + 6Λgµν = 0. To compare with the metric in [39], one needs to do the following replacement:
P → e−
Φ
2 , Λ→ Λ
6
, Ψ02 → −m.
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the residual gauge transformation preserving the forms of the NU solution space [40]
was studied in detail (see also earlier references therein). A gauge transformation of
the first order formalism of Einstein gravity is a combination of a change of coordinates
and a local Lorentz transformation. In the NP formalism, the local Lorentz transfor-
mation is described in the standard three classes of rotation [41]. A combined rotation
II ◦ I ◦ III of the tetrad basis is given by5
l˜ = (1 + A¯B)(1 + AB¯)eERl +BB¯e−ERn+ B¯(1 + A¯B)eiEIm+B(1 + AB¯)e−iEIm¯,
n˜ = AA¯eERl + e−ERn+ A¯eiEIm+ Ae−iEIm¯, (48)
m˜ = A(1 + A¯B)eERl +Be−ERn+ (1 + A¯B)eiEIm+ ABe−iEIm¯.
The change of coordinates is in the form
u = u(u′, r′, z′, z¯′), r = r(u′, r′, z′, z¯′), xA = xA(u′, r′, z′, z¯′). (49)
The gauge condition l′ = ∂
∂r′
implies
∂xµ
∂r′
= l˜µ. (50)
Hence,
∂u
∂r′
= BB¯e−ER,
∂z
∂r′
= XzBB¯e−ER + LzB¯(1 + A¯B)eiEI + L¯zB(1 + AB¯)e−iEI , (51)
∂r
∂r′
= (1 + A¯B)(1 + AB¯)eER + UBB¯e−ER + ωB¯(1 + A¯B)eiEI + ωB(1 + AB¯)e−iEI ,
which is (6.41) in [49]. This will fix the unprimed coordinates up to 4 integration
constants of r′. To implement the gauge condition κ = π = ǫ = 0, one has to go back
to the original definition in (4). The transformed spin coefficients are
κ′ = −l˜ν l˜µ∇νm˜µ, π
′ = −l˜νm˜µ∇ν n˜µ, ǫ
′ = l˜ν n˜µ∇ν l˜µ. (52)
Inserting (48) into the transformed spin coefficients and applying the relation in Ap-
pendix A, the gauge conditions κ′ = π′ = ǫ′ = 0 eventually lead to
D˜B = eE
[
BB¯e−ERτ + B¯(1 + A¯B)eiEIσ +B(1 + AB¯)e−iEIρ
]
,
D˜A¯ = A¯2eE
[
BB¯e−ERτ + B¯(1 + A¯B)eiEIσ +B(1 + AB¯)e−iEIρ
]
− e−E
[
BB¯e−ERν + B¯(1 + A¯B)eiEIµ+B(1 + AB¯)e−iEIλ
]
, (53)
D˜E = −2A¯eE
[
BB¯e−ERτ + B¯(1 + A¯B)eiEIσ +B(1 + AB¯)e−iEIρ
]
− 2
[
BB¯e−ERγ + B¯(1 + A¯B)eiEIβ +B(1 + AB¯)e−iEIα
]
.
5To connect with the notation in [41], one just needs to set A↔ a, B ↔ b, e−ER ↔ A, EI ↔ θ.
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where D˜ = l˜µ∂µ. In the primed coordinates, D˜
′ = ∂
∂r′
because of the gauge condition
on l. Thus, (53) is precisely (6.44) in [49]. In the flat case, the following asymptotic
behavior is assumed:
r = eER0r′ +O(1), u = O(1), xA = O(1),
A = O(1), E = O(1), B = O(r−1).
(54)
The three classes of rotation will be fixed up to 6 integration constants of r′. However,
the appearance of the cosmological constant will involve logarithms of r in the third
equation of (53) because γ = −Λr + O(r0). Then, logarithmic terms will show up in
the transformed solution space which violates the assumption that the solution is given
in 1
r
expansion and should be ruled out6. Therefore, we have to set B = O(r−2). When
using the first equation of (53), B = 0. Consequently, all the sub-leadings of A, E, u,
r, and xA are zero. This gives
r = eER0(u
′,z′,z¯′)r′ + r0(u
′, z′, z¯′), u = u0(u
′, z′, z¯′), xA = xA0 (u
′, z′, z¯′),
A = A0(u
′, z′, z¯′), E = E0(u
′, z′, z¯′), B = 0.
(55)
To proceed, we check the asymptotic behavior of the transformed tetrad. From n′, we
get
n′u
′
= e−ER0∂uu
′
0 +O(r
−1),
n′r
′
= e−2ER0Λr2 +O(r),
n′z
′
= e−ER0∂uz
′
0 +O(r
−1).
(56)
This implies
ER0 = 0, u
′
0 = u+ u
′
0(z, z¯), z
′
0 = Y (z, z¯). (57)
We continue to check m′,
m′u
′
= eiEI (P ∂¯u′0 +Q∂u
′
0) +O(r
−2),
m′r
′
= A0 +O(r
−1),
m′z
′
= O(r−1).
(58)
This leads to
A0 = 0, u
′
0 = u+ c, where c is a real constant. (59)
The condition that the terms of 1
r′2
in ρ′ is absent yields r0 = 0. Since we did not
require the boundary 2 metric to be conformally flat, there is no more constraint on
Y and Y¯ . The full residual gauge transformation is a Diff(S2) and a third class of
rotation m′ = eiEI0m as well as a translation in the time direction. All the residual
transformations are performed on the boundary 2 surface. The action on the boundary
2 surface is very simple:
Q′ = eiEIðY, P ′ = eiEIðY¯ . (60)
6Expansion involving logarithms is called polyhomogeneous expansion [50–52]. It is of interest to
explore such solution space, we leave it for future investigation.
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5 Flat limit and constant foliation
A flat limit of the solution space in section 3 can be taken directly by setting Λ = 0.
However, from (17), P and Q will have the following constraint
Q∂uP = P∂uQ. (61)
This leads to Q = PQ˜, and Q˜ is a function of (z, z¯). Newman and Unti [40] have set
the boundary 2 metric to be conformally flat, namely, Q˜ = 0. Removing the condition
on the boundary 2 metric, the solution space of NP equations can be even larger7.
Via a Weyl transformation, one can reorganize the flat solution space in the present
work, such that both P and Q are u-independent i.e. choosing a constant foliation.
The residual gauge transformation of this case is supertranslation⋉Diff(S2) since the
boundary 2 metric is not conformally flat. This is the phase space discussed in [53–55]
and it has important applications in the study of the equivalence between asymptotic
symmetries and soft graviton theorems [56].
With a cosmological constant, as we have shown in the previous section, the residual
gauge transformation only consists of a Diff(S2) and a third class of rotation (somehow
half of Weyl transformation)8. Accordingly, it is not possible to reorganize the solution
space to have both P and Q u-independent (hence γ0 = 0) by residual gauge trans-
formation. One can only set Im(γ0) = 0 via a third class of rotation. This is another
reason to remove the constant foliation condition γ0 = 0 in [17,29]. Though any bound-
ary 2 metric is connected by Diff(S2), most elements of the Diff(S2) transformations
are singular and will arise (new) topological degree of freedom. If we just focus on the
issues of gravitational radiation in (A)dS space-times, it is better to restrict ourselves
to the Lorentz transformations.
6 Discussions
In this work, we have derived the solution space of the Newman-Penrose formalism
with a cosmological constant. The residual gauge transformation that preserves the
solution space has also been worked out. The solution space has a well-defined flat
limit. The residual gauge transformation of the resulting solution space consists of
supertranslation⋉Diff(S2) and this phase space should have certain relevance to soft
graviton theorems according to recently discovered equivalence between soft theorems
and asymptotic symmetries [57].
There are several interesting questions about the solution space with a cosmological
constant that need to be addressed in the future:
7To be more precisely, the boundary 2 metric was set to be conformally flat before solving the
non-radial equations in [40]. Hence the flat limit of the solution space in section 3 is larger than [40]
in the sense that α0 and γ0 are more general.
8Here, we only deal with transformations in the NP formalism. In the conformal frame [38], there
is considerable freedom in the choice of the conformal factor. It is of interest to study the effect of the
residual conformal freedom in NP formalism elsewhere.
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• The characteristic initial value problem: In the case Λ = 0, a solution of NP
equations is determined by spesifying the news function σ0 and conformal factor
P at any time u; Ψ01, Ψ
0
2 + Ψ
0
2, and Ψ0 (the entire series) at the initial time
u0. According to (42), the time evolution equations of Weyl tensors are mixed
due to the appearance of the cosmological constant. Hence, the initial data that
determine a solution are not yet fully understood.
• Newman-Penrose conserved quantities: In [58], an infinite number of gravitationally-
conserved quantities was discovered from the NU solution space. Once the char-
acteristic initial value problem is solved in the case with a cosmological constant,
gravitationally-conserved quantities should be constructed as well.
• Bondi mass and mass-loss: The analogue of the Bondi mass aspect and the mass-
loss formula with respect to the solution space need to be stressed elsewhere. A
second relevant (generalized) problem is to study the full current algebra of the
asymptotic symmetries group [59].
• Polyhomogeneous series: Expansion with logarithms can be applied to derive a
larger solution space. Correspondingly, one should apply the asymptotic behavior
Ψ0 =
Ψ0
0
r5
+ o(r−5) rather than Ψ0 =
Ψ0
0
r5
+O(r−6) in the present treatment.
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A Useful relations in Newman-Penrose formalism
From the orthogonality conditions and normalization conditions of the basis vectors,
one can obtain the following relations
lν∇νlµ = (ǫ+ ǫ¯)lµ − κm¯µ − κ¯mµ,
nν∇νlµ = (γ + γ¯)lµ − τm¯µ − τ¯mµ,
mν∇ν lµ = (β + α¯)lµ − σm¯µ − ρ¯mµ,
m¯ν∇ν lµ = (α + β¯)lµ − ρm¯µ − σ¯mµ,
(62)
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lν∇νnµ = −(ǫ+ ǫ¯)nµ + π¯m¯µ + πmµ,
nν∇νnµ = −(γ + γ¯)nµ + ν¯m¯µ + νmµ,
mν∇νnµ = −(β + α¯)nµ + λ¯m¯µ + µmµ,
m¯ν∇νnµ = −(α + β¯)nµ + µ¯m¯µ + λmµ,
(63)
lν∇νmµ = (ǫ− ǫ¯)mµ − κnµ + π¯lµ,
nν∇νmµ = (γ − γ¯)mµ − τnµ + ν¯lµ,
mν∇νmµ = (β − α¯)mµ − σnµ + λ¯lµ,
m¯ν∇νmµ = (α− β¯)mµ − ρnµ + µ¯lµ,
(64)
B NP equations
Radial equations
Dρ = ρ2 + σσ, (65)
Dσ = 2ρσ +Ψ0, (66)
Dτ = τρ+ τσ +Ψ1, (67)
Dα = ρα + βσ, (68)
Dβ = ασ + ρβ +Ψ1, (69)
Dγ = τα + τβ +Ψ2 − Λ, (70)
Dλ = ρλ + σµ, (71)
Dµ = ρµ+ σλ+Ψ2 + 2Λ, (72)
Dν = τµ+ τλ +Ψ3, (73)
DU = τω + τω − (γ + γ), (74)
DXA = τLA + τL¯A, (75)
Dω = ρω + σω − τ, (76)
DLA = ρLA + σL¯A, (77)
DΨ1 − δΨ0 = 4ρΨ1 − 4αΨ0, (78)
DΨ2 − δΨ1 = 3ρΨ2 − 2αΨ1 − λΨ0, (79)
DΨ3 − δΨ2 = 2ρΨ3 − 2λΨ1, (80)
DΨ4 − δΨ3 = ρΨ4 + 2αΨ3 − 3λΨ2. (81)
Non-radial equations
∆λ = δν − (µ+ µ)λ− (3γ − γ)λ+ 2αν −Ψ4, (82)
∆ρ = δτ − ρµ− σλ− 2ατ + (γ + γ)ρ−Ψ2 − 2Λ, (83)
∆α = δγ + ρν − (τ + β)λ+ (γ − γ − µ)α−Ψ3, (84)
∆µ = δν − µ2 − λλ− (γ + γ)µ+ 2βν, (85)
∆β = δγ − µτ + σν + β(γ − γ − µ)− αλ, (86)
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∆σ = δτ − σµ− ρλ− 2βτ + (3γ − γ)σ, (87)
∆ω = δU + ν − λω + (γ − γ − µ)ω, (88)
∆LA = δXA − λL¯A + (γ − γ − µ)LA, (89)
δρ− δσ = ρτ − σ(3α− β)−Ψ1, (90)
δα− δβ = µρ− λσ + αα + ββ − 2αβ −Ψ2 + Λ, (91)
δλ− δµ = µτ + λ(α− 3β)−Ψ3, (92)
δω − δ¯ω = µ− µ− (α− β)ω + (α− β)ω, (93)
δL¯A − δ¯LA = (α− β)L¯A − (α− β)LA, (94)
∆Ψ0 − δΨ1 = (4γ − µ)Ψ0 − (4τ + 2β)Ψ1 + 3σΨ2, (95)
∆Ψ1 − δΨ2 = νΨ0 + (2γ − 2µ)Ψ1 − 3τΨ2 + 2σΨ3, (96)
∆Ψ2 − δΨ3 = 2νΨ1 − 3µΨ2 + (2β − 2τ)Ψ3 + σΨ4, (97)
∆Ψ3 − δΨ4 = 3νΨ2 − (2γ + 4µ)Ψ3 + (4β − τ)Ψ4. (98)
C Details in solving NP equations
The method of solving NP equations was originally schemed in [4], later implemented
by Newman and Unti in detail [40]. We follow exactly the derivation of Newman and
Unti. The radial equations are solved in different groups. The first group is (65)
and (66). Those equations are not affected by Λ. Once the whole series of Ψ0 is
given as initial data by (11), ρ and σ are solved out as (16) and (17). Inserting the
solutions of ρ and σ into (77), one gets LA as (27) and (28), then LA by the condition
LAL
A = 0, LAL¯
A = −1. The second group of radial equations consists of (68), (69),
(76) and (78). Those equations are not modified by Λ either. One can work out α,
β, ω and Ψ1 as (18), (19), (25), and (12) respectively, then τ from gauge condition
τ = α + β. Inserting τ and LA into (75), XA is obtained as (24). Until now, the
cosmological constant has not appeared yet. We are just repeating the result of [40].
We continue with the third group of radial equations that include (71), (72), and (79).
One can see the cosmological constant appears for the first time in (72). But one can
just apply the same method as the first two groups to solve out µ, λ, and Ψ2, which
are (20), (21), and (13). Then, γ is derived from (70) as (22), U is derived from (74)
as (26), Ψ3 is derived from (80) as (14), ν is derived from (73) as (23), and finally Ψ4
is derived from (81) as (15).
The solutions to the radial equations are less affected by cosmological constant. Now
we will check the constraints from non-radial equations on the integration constants of
the radial equations. By inserting the solutions of the radial equations into the non-
radial equations, the leading term of the Bianchi identities (95)-(98) will lead to the
time evolution equations (42). The Weyl tensors are more entangled because of Λ. More
constraints are obtained from the leading term of the rest of the non-radial equations:
(94) yields (31).
(90) yields (38)
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(92) yields (40).
(91) yields (34).
(93) yields the magnetic part of Ψ02 as (39).
(89) yields (32) and (33).
(83) yields (37).
(87) yields (35).
(82) yields (41).
(88) yields (36).
(85) and (84) yield two identities (43).
The last one (86) just yields the complex conjugate of the second identity in (43).
Though it is not completely clear that if there is new information coming from higher
powers of 1
r
9, we computed the next-to-leading order of (83), (87), (89)-(91), (93), (94)
and found no more information. Due to the tediousness of the computation, we did not
continue with other equations and higher orders. Some arguments from the structure of
NP equations should be made to justify that all higher orders have no more information.
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